Abstract. A linear operator T : X → Y between topological vector spaces is called strictly singular if for any infinite dimensional vector subspace X0 of X, the restriction of T to X0 is not a topological isomorphism. In this note we introduced some sufficient conditions on the pair (X, Y ) such that any bounded linear operator in between is strictly singular, and give some examples of spaces satisfying these conditions. Furthermore, we extended some of the results to locally convex spaces.
Introduction
Let X and Y be Banach spaces. An operator T : X → Y is called strictly singular (T ∈ S), if for any infinite dimensional subspace X 0 of X (X 0 ∈ I(X)), the restriction T X0 is not a topological isomorphishm. This concept was introduced by Kato [12] as a generalization of that of compact operators. Kato's definition was extended to locally convex spaces by van Dulst [23] who also obtained a characterization of strictly singular operators on Ptak spaces. Wrobel [25] also characterized strictly singular operators on B r -complete locally convex spaces.
After the rising of the concept of strictly singular operators in Banach spaces, the question of whether there exists a sufficient condition under which any operator between two Banach spaces is strictly singular, is suggested by Goldberg and Thorp [9] with an example in which the domain space is assumed to be very-irreflexive while the range space is reflexive. We see another example of such an operator relation between Banach spaces in the note of Lacey and Whitley [15] in which they presented sufficient conditions under which any operator between Banach spaces is compact. It is mentioned that any operator from ℓ into a reflexive space is strictly singular. It is also shown that any operator from a weakly sequentially complete space to c 0 is strictly singular.
In section 3, we give a bundle of sufficient conditions on pairs of Banach spaces between which all linear bounded maps are strictly singular. Then, in Section 4 we extend our interest to locally convex spaces. After dealing with the ideal property issues of strictly singular operators in locally convex spaces, we give some sufficient conditions so that any continuous linear operator between certain types of locally convex spaces is strictly singular. We also support these results with examples.
Preliminaries
A Banach space X is reflexive if and only if any bounded sequence in X has a weakly convergent subsequence in X. The space of all reflexive spaces forms a space ideal denoted by W. A Banach space is called very-irreflexive if it does not contain any infinite dimensional reflexive subspace. A Banach space X is called quasi-reflexive (X ∈ Q) if dim(X ′′ /J(X)) < ∞. A topological vector space X is called weakly conditionally compact, if any bounded sequence in X has a weakly Cauchy subsequence in X. In particular, if X is also a Banach space, it is called almost reflexive (X ∈ R). By Rosenthal's ℓ 1 -Theorem [22] , X contains no subspace isomorphic to ℓ 1 if and only if it is almost reflexive. A Banach space X is called weakly sequentially complete, if any weakly Cauchy sequence in X converges to an element weakly in X. A Banach space X is said to have the Schur property (X ∈ V) if weak convergence and norm convergence are equivalent in X. Schur spaces are very-irreflexive. A Banach space is called a Grothendieck space if any weak* convergent sequence in X ′ converges weakly.
An operator T : X → Y is called (weakly[T ∈ W]) compact (T ∈ K) if for any bounded sequence (x n ) ∈ x, (T x n ) ∈ Y has a (weakly) convergent subsequence. An operator T : X → Y is called completely continuous (T ∈ V), if for any weakly convergent sequence (x n ) ∈ X, (T x n ) is a normed convergent sequence in Y . A property P on a Banach space X is called hereditary if any infinite dimensional closed subspace of X has P. By X, we denote the class of hereditarily-ℓ 1 Banach spaces. Reflexivity, Schur property, and subprojectivity [24] are well-known examples for hereditary properties. X is said to have nowhere P if there is no infinite dimensional subspace of X having P.
In Section 1, we defined the class of strictly singular operators. In general, there is no general interrelation between strictly singular, weakly compact, and completely continuous operators. Counterexamples might be found in [15, §II] . However, it can be easily verified that, any compact operator is strictly singular, while the converse is not true in general.
Strictly Singular Relations between Banach Spaces
In this section, by an "operator" we mean a continuous linear mapping between Banach spaces. If every operator T : X → Y belongs to the operator ideal A, then we write (X, Y ) ∈ A. Proof. Suppose T ∈ L(X, Y ) is not strictly singular. Then, we may find X 0 ∈ I(X) to which T restricted is an isomorphism. This means X 0 ∼ = T (X 0 ). But T (X 0 ) ∈ I(Y ). Since X and Y are totally incomparable, this is impossible.
The following theorem, which is the first affirmative answer to the problem of existance of conditions under which all operators are strictly singular, is due to [9, Theorem (b) ].
Our first result takes advantage of the idea of Theorem 3.3, and generalizes it.
Theorem 3.4. Let X be very-irreflexive, and Y
Proof. Suppose there exists a non-strictly singular T : X → Y . Then, T is an isomorphism when restricted to X 0 ∈ I(X). Then, X 0 ∈ Q. However, by [11, Lemma 2] there exists a reflexive subspace X 1 ∈ I(X 0 ). This contradicts to very-irreflexivity of X. Now we give the most general version of Theorem 3.3.
Theorem 3.5. Let P be a property of Banach spaces which respects isomorphisms. Then, (X, Y ) ∈ S and (Y, X) ∈ S if the following conditions are satisfied:
1. Y has hereditary P, 2. X has nowhere P.
Proof. Let (X, Y ) be a pair of Banach spaces satisfying (1) and (2), and for some X 0 ∈ I(X) suppose there exists T :
Since X has nowhere P, S(Y 0 ) does not enjoy P. This contradicts to (1).
Corollary 3.6. Let Y ∈ R, and X ∈ X. Then (X, Y ) ∈ S.
Proof. Let X 0 ∈ I(X) on which T has a bounded inverse. So
By a note in [6] , ℓ 1 can be embedded into X. Contradiction.
One may think of Theorem 3.9 as follows:
Proof. By Lemma 3.8 any operator T on X maps weakly Cauchy sequences into norm convergent sequences. That implies T ∈ V. But Y ∈ R. Hence by Theorem 3.9 the result follows.
A Banach space X is said to have the Dunford-Pettis property if any weakly compact operator with domain X is completely continuous. As mentioned in [15] , an almost reflexive Banach space has the nowhere Schur property. Hence, the following is straightforward in the light of Corollary 3.7. Proof. Let T ∈ L(X, Y ) be such that on some X 0 ∈ I(X), T has a bounded inverse, that is, X 0 ∼ = T (X 0 ). Since Y ∈ V, Y has the hereditary DunfordPettis property [6] . Hence so does X 0 . But X 0 ∈ W. By Lemma 3.14, this is a contradiction.
Theorem 3.16. Let X be a Banach space having the hereditary Dunford-Pettis property and let
Proof. Let X 0 ∈ I(X) on which an arbitrary operator T ∈ L(X, Y ) has a bounded inverse. Then, X 0 ∼ = T (X 0 ). So, X 0 ∈ W. So X 0 cannot have the Dunford-Pettis property. Contradiction.
Any operator T from any complemented subspace X 0 of each of C(K), B(S), L ∞ (S, Σ, µ), and L(S, Σ, µ) to a reflexive space is strictly singular [15] . Proof. Since X has the Dunford-Pettis property, (X, Y ) ∈ V. Then, by Theorem 3.17, T is strictly singular.
If any completely continuous operator with domain X is weakly compact, then X is said to have the reciprocal Dunford-Pettis property. Proof. Since X has the reciprocal Dunford-Pettis property and any T : X → Y is completely continuous, T ∈ V ∩ W. By Theorem 3.17, we are done. Proof. Since X ∈ R, if (x n ) is a bounded sequence in X, then (T x n ) has a weakly Cauchy sequence in Y . But Y is weakly sequentially complete, that is, every weakly Cauchy sequence converges weakly in Y . Therefore, T ∈ W. Proof. By Theorem 3.22, (X, Y ) ∈ W. Now let T : X → Y which has a bounded inverse on X 0 ∈ I(X). If (x n ) is a bounded sequence in X 0 , then there exists (T x kn ) a weakly convergent subsequence of (T x n ) in Y . Hence (x kn ) is weakly convergent in X 0 , since T has a bounded inverse on X 0 . Thus, every bounded sequence in X 0 has a weakly convergent subsequence in X 0 . This is equivalent to saying that X 0 ∈ W. Contradiction. A Banach space X is said to have the Dieudonné Property if for any Banach space Y , any operator T ∈ L(X, Y ) mapping weakly Cauchy sequences into weakly convergent sequences is weakly compact. Proof. Let (x n ) be a weakly Cauchy sequence in X, and T ∈ L(X, Y ). Then (T x n ) is weakly Cauchy in Y . Since Y is weakly sequentially complete, (T x n ) is weakly convergent. But X has the Dieudonné property, so T ∈ W. Example 3.27. C(K), where K is a compact Hausdorff space, possesses both Dieudonné [10] and Dunford-Pettis [13] properties.
Proof. Let X ∈ V and X 0 ∈ I(X) with X 0 ∈ R. Then, any bounded sequence (x n ) in X 0 , has a weakly Cauchy subsequence. X 0 inherits Schur property. Then the weakly Cauchy subsequence of (x k ) converges in X. Therefore, X 0 is finite dimensional. Contradiction.
Strictly Singular Relations between Locally Convex Spaces
Let P be a class of Banach spaces having a certain property. Then, s(P) [4] is defined by the set of locally convex spaces X with local Banach spaces X U ∈ P for which X U is the completion of the normed space obtained by
, where U is an absolutely convex closed neighborhood of θ(X). In this section, by an "operator" we mean a linear map between locally convex spaces.
Definition 4.1. [23] Let X and Y be locally convex spaces. A continuous linear operator T : X → Y is called strictly singular if it is not a topological isomorphism on any infinite dimensional linear subspace of its domain.
In a locally convex space, the sum of two strictly singular operators need not be strictly singular [5] . Therefore, S is not an operator ideal in the class of general locally convex spaces. A general locally convex space X with no copies of ℓ 1 need not to be locally Rosenthal. A counterexample might be found in [14] . In addition, one should assume that it is a quasinormable Fréchet space [17] . Proof. Since Y is locally Rosenthal, there exists a family of Banach spaces {Y m } each of which does not contain an isomorphic copy of ℓ 1 such that
, there exists a family of Banach spaces {X k } such that every M k ∈ I(X k ) contains a subspace isomorphic to ℓ 1 . By Corollary 3.6, any linear operator T mk : X k → Y m is strictly singular. Making use of Lemma 4.5, we deduce that every bounded operator T : X → Y is strictly singular.
Example 4.7. Let λ 1 (A) ∈ (d 2 ), and λ p (A) ∈ (d 1 ) as they are defined in [8] . Then, by [27] , (λ 1 (A), λ p (A)) ∈ B. It is known that λ p (A) = lim ← − ℓ p (a n ), for 1 p < ∞. Since ℓ p (a n ), 1 < p < ∞ has no subspace isomorphic to ℓ 1 , (ℓ 1 , ℓ p ) ∈ S. Then, by Lemma 4.5, (λ 1 (A), λ p (A)) ∈ BS. Proof. By [17, Theorem 6] , Y is locally Rosenthal. Since X ∈ s(V), by Lemma 3.28, X ∈ s(X). Then, by Theorem 4.6, we are done.
Let X and Y be locally convex spaces. For a subspace X 0 of X, α ∈ I and β ∈ J, ω αβ (T X0 ) := sup{q β (T x) : p α (x) 1, x ∈ X 0 }, where T X0 is the restriction of T to X 0 . The following is a characterization of strictly singular operators in locally convex spaces. Proof. Let T : X → Y and S : X → Y be strictly singular operators. Then, for any X 0 ∈ I(X), by [25, Theorem 1-IV], find X 1 ∈ I(X 0 ) such that T X1 is precompact. Then find X 2 ∈ I(X 1 ) such that S X2 is precompact. The ideal property of precompact operators yields the result.
The following theorem is an extension of [1, Problem 4.5.2] to B rcomplete locally convex spaces. 
where T ji is the j-th summand. By Lemma 4.10 and rewriting τ = n i=1 m j=1 τ ji , τ is strictly singular. For the converse, suppose that the continuous operator τ : X → Y is strictly singular, and assume that the operator T ji is not strictly singular for some i, j. Then by Lemma 4.9, for any infinite dimensional subspace M of X i and for some β ∈ J, ω αβ (τ N ) > ε, for all α ∈ I. If we writê M := {0} ⊕ {0} ⊕ · · · ⊕ M ⊕ {0} ⊕ · · · ⊕ {0} where M places in the i-th summand,M is an infinite dimensional vector subspace of X. ω αβ (τM ) > ε, for all α ∈ I. But, that contradicts to the assumption τ is strictly singular. Proof. Assume that there exists an infinite dimensional closed subspace X 0 of X with T X0 is a topological isomorphism. Then, by (1), T X0 (X 0 ) ⊆ Y contains a subspace which is isomorphic to X. But that contradicts to (2) .
Let X and Y be Fréchet spaces and let Y have continuous norm. Then, (2) in Theorem 4.12 is also necessary if every bounded subset of Y is precompact. Let any continuous operator T : X → Y be strictly singular. Then, by Theorem 4.3, it is bounded. Now let there exist Y 0 ∈ I(Y ) which is isomorphic to X. Then I Y0 : Y 0 → X is bounded. Then Y 0 is finite dimensional. Contradiction. Example 4.13. Let Λ 1 (α) and Λ ∞ (α) denote power series spaces of finite type and infinite type, respectively. By [27] we know that no subspace of Λ ∞ (α) can be isomorphic to a power series space of finite type. Choose α as it is in the proof (b) of [2, Theorem 1] so that any subspace X of Λ 1 (α) with a basis has a complemented subspace which is isomorphic to a power series space of finite type. By Theorem 4.12, every continuous operator T : Λ 1 (α) → Λ ∞ (α) is strictly singular.
